A coupled incremental damage and plasticity theory for metal matrix composites is introduced here. This coupling occurs only in the matrix since the fibers are assumed to be only elastic. This allows damage to be path dependent either on the stress history or the thermodynamic force conjugate to damage. This is achieved through the use of incremental damage tensors. Damage and plastic deformations are incorporated in the proposed model that is used for the analysis of fiber-reinforced metal matrix composite materials. The proposed micro-mechanical damage relations are used for each of the matrix and the fiber. This is coupled with the interfacial damage between the matrix and the fiber exclusively. The damage relations are linked to the overall response through a certain homogenization procedure. Two local incremental damage tensors m m and m1 are used where m m accounts for the damage in the ductile matrix such as nucleation and growth of voids, while mJ reflects the incremental damage in the fibers such as fracture. An additional incremental tensor m d is incorporated in the overall formulation that represents interfacial damage between the matrix and the fiber. An overall incremental damage tensor, τη, is introduced that accounts for all these separate damage tensors τη" 1 , mJ and m d .
For the undamaged matrix material, a von Mises type yield criterion with an associated flow rule, and Ziegler-Prager kinematic hardening rule are used. However, the resulting overall yield function for the damaged composite is anisotropic. The overall kinematic hardening rule for the damaged composite system is a combination of the generalized Ziegler-Prager rule and the Phillips-type rule . The elasto-plastic stiffness tensor is derived for the damaged composite.
Evolution of damage is performed for both the cases of overall isotropic damage and the damage of the individual constituents.
Formulation of the Incremental Damage Tensor

Total Damage Tensor Μ
In order to obtain the incremental damage tensor m the concept of effective stress as first used by Kachanov [1] is presented for the one dimensional stress state. The incremental relations are subsequently derived using Kachanov's concept. Co in this work refers to the initial undeformed and undamaged configuration of the body and C is the corresponds configuration of the body that is both deformed and damaged after a set of external agencies act on it. The state of the body after it has only deformed without damage (by removing the damage fictitiously) is denoted by C. This is presented by Voyiadjis and Kattan [2] .
A linear transformation between the Cauchy stress in the configuration C, and the effective Cauchy stress in the configuration C is assumed such that
where φ .
In the above equations A and A are the areas of crossections of the axially loaded bar in the C and C configurations respectively, φ is a measure of damage.Making use of equation (2) an incremental formulation for damage is obtained such that
The concept of effective stress as generalized by Murakami [3] is given through the generalization of equation (2) 
for the individual constituents of the matrix and the fiber respectively, where Μ is the fourth-order damage effect tensor and is a function of the second order symmetric tensor φ. The effective Cauchy stress tensor, <r, need not be symmetric or frame invariant. Once the effective Cauchy stress, σ, is symmetrized, it can be shown that it satisfies the frame invariance principle (Voyiadjis and Kattan, 1992a) .
The fourth order tensor Μ can be represented by a 6X6 matrix as a function of {12 -φ) in the form [3] [M] = [M(/ 2 -φ)} (7) where I2 is the second-order identity tensor. Murakami [3] has shown that φ is symmetric which is the generalization of the scalar variable φ. The stress tensor <τ, in conjunction with the matrix form of Μ given by equation (7), is represented by a vector given by
[σ] = [σ η ,σ·22,σ 3 3, σΐ2,σ 2 
The symmetrized effective Cauchy stress tensor σ used here is expressed by (Lee, et al. [4] ) öij = ~ 4>kj)~l + {Sii ~ <t>il)~l<?n} (9) which is a second rank tensorial generalization of the scalar equation (2) The stress given by equation (9) is frame-independent. Utilizing the symmetrization procedure outlined by equation (9) the corresponding 6X6 matrix form of tensor Μ is given by Voyiadjis and Kattan [2] ,
Incremental Damage Tensor m
The incremental relation of equation (2) is given by the following expression
Equation (10) may also be obtained using Figure 1 . In the local sub-configurations of the matrix, C m , and fiber, C^, equation (10) is expressed as follows
for r = m, f. The generalization of the concept of the incremental relation given by equation (11) is obtained by introducing the incremental relation of equation (6) 
The superposed dot indicates material time differentiation. In order for equation (13) to be homogeneous in time of order one (i.e. stress-rate independent) Μ should be a linear function of & r . It will be demonstrated in this work that the following relation exists
Since M r is a function of φ τ , therefore 
Relation Between the Cumulative Damage and the Local Damage Tensors
Basic Assumptions
The metal matrix composite system used in this work is restricted to small deformations with infinitesimal strains. The material consists of an elasto-plastic ductile metal matrix reinforced by elastic aligned continuous fibers. Co denotes the initial undeformed and undamaged configuration of a single lamina while C™ and CQ are the initial matrix and fiber sub-configurations for the single lamina respectively. The composite material is assumed to undergo elasto-plastic deformation and damage due to the applied loads. The corresponding resulting overall configuration for a single lamina is denoted by C while the respective matrix and fiber local sub-configurations for a single lamina are denoted by C m and C* respectively. Damage is expressed by generalizing the concept proposed by Kachanov [1] whereby two kinds of fictitious configurations C and C of the composite system at the lamina level are considered as shown in Figure 2 . Configuration C is obtained from C by removing the different types of damages that the single lamina has undergone due to the applied stresses. However, configuration C is obtained from C for a single lamina by removing only the interfacial damage between the matrix and the fiber. The total or incremental stress at configuration C is converted to the respective total or incremental stress at the fictitious configuration C through the damage tensors m or Μ respectively as indicated in Figure 2 . Configuration C is termed full effective configuration, while C is the partial effective configuration.
The coupled formulation of the plastic flow and damage propagation seems to be impossible, due to the presence of the two different dissipative mechanisms that influence each other. This could be indicated by the fact that the position of the slip planes affects the orientation of nucleated micro-cracks. However, one can assume that the energy dissipated in the yielding and damaging processes be independent of each other and apply a phenomenological In this work use is made of the concept of effective stress (Lemaitre [5] ). Making use of a fictitious undamaged system, the dissipation energy due to plastic flow in this undamaged system is assumed to be equal to the dissipation energy due to plastic flow in the real damaged system.
The main feature of the present approach is that local effects of damages are considered at both the single lamina level as well as the laminate level. The damages at the single lamina level are described separately by the damage in the matrix, damage in the fiber, and interfacial damage between the matrix and the fiber. This is schematically indicated in Figure 2 Referring to Figure 2 this approach is summarized in the following three steps. The incremental local damage tensors m m and mß are first applied to the local effective configurations C m and C*, respectively. This is followed by applying the damage stress concentration factors B m and Β ! to the local partial effective configurations C m and C* in order to obtain the overall partial effective configuration C. Finally, the incremental interfacial damage tensor m d is applied to the overall partial effective configuration C in order to obtain the overall damaged configuration C of a single lamina.
The tensor m m encompasses all the pertinent damage related to the matrix while the tensor mf reflects the damage pertinent to the fibers (Voyiadjis and Kattan [6] ). However, the interfacial damage tensor M d is related to the interfacial damage variable <f> d . An interfacial damage variable can be defined through the use of an RVE (Representative Volume Element) as indicated by Voyiadjis and Park [7] where S is the total interfacial length, between the fiber and the matrix and 5 is the effective (net) resisting length corresponding to the total interfacial length in contact.
Theoretical Formulation of m
An incremental overall damage tensor m is introduced for the whole composite system as shown in Figure m reflects all types of damages that the composite undergoes including the damage due to the interaction between the matrix and fibers. Similarly a tensor Μ is used for the total stresses (Voyiadjis and Kattan [6] , Kattan and Voyiadjis [8] ) as indicated by equation (5). The matrix representation for Μ was explicitly derived by expressing the stress in vector form. The tensor Μ as well as tensor Μ can be shown to be symmetric. It follows from equation (20) where a™ and a* are the partial effective stress rates in the C m and C? configurations, respectively. These stresses are termed partial effective since the interfacial damage has not yet been incorporated into the formulation. Referring to Figure 2 and making use of the partial stress concentrations B™ and B^, the corresponding partial effective matrix Cauchy stress rate and corresponding fiber Cauchy stress rate are given by the following equations:
and
The partial effective overall composite Cauchy stress rate a is defined as 
Substituting into equation (31) for the partial effective matrix and fiber stress rates from relations (27) and (28) respectively and making use of equation (29) 
This expression defines the cumulative incremental damage of the composite as a function of its local components.
Stress and Strain Concentration Factors
Elastic Stress and Strain Concentration Factors
The stress and strain concentration factors do not remain constant as the composites undergo damage. Both the matrix and fiber stress concentration factors are defined as fourth-rank tensors. The expressions for the effective-elastic stress concentration factors for the matrix and fiber in the C configuration are given by Voyiadjis and Park [7] B me is the elastic, matrix stress concentration factor and B^e the corresponding elastic, fiber stress concentration factor in the undamaged configuration C. These stress concentration factors are obtained using the Mori-Tanaka method (Weng [10] ) with the corresponding effective volume fractions c" 1 
A similar relation to equation eqrefEQ22 for strain rates is assumed in the effective configurations C m , & and C such that
Where e m and e^ are the effective matrix and fiber strain tensors, respectively, and e is the effective overall strain tensor. Making use of the additive decomposition of the matrix and overall strain rates in C m and C, respectively, one obtains the following relations provided infinitesimal strains are assumed k -k' + I (42a) e = e + e (42b)
Where (') indicates the elastic part and (") indicates the plastic part of the tensor. The fiber strain consists only of the elastic part since the fibers can only deform elastically until fracture. The effective or total fiber strain tensor is denoted here by e^. In the case of the effective elastic strain concentration factors for the matrix and fiber in the C configuration one obtains the following expressions: 
where the prime implies the elastic component of the strain rate. In order to obtain the relations in each phase between the effective strains and the strains in the damaged configuration of that phase, the following energy rate equivalency is assumed. This energy equivalency is between the complimentary energy in the effective phase configuration C r and the damaged phase configuration C T due to an increment of stress da T for r = m,/. Essentially it also implies the equivalency of the total complimentary energies between the two configurations as used by Cordebois and Sidoroff [11] . However the opposite is not true that is equivalency between the total complementary energies does not necessarily imply equivalency between the incremental complementary energies between the two configurations of the same phase. Therefore we have 
A similar expression to equation eqrefEQ43 exists between the overall configurations C and C for each lamina for either the elastic or the elasto-plastic deformations such that
Therefore one can now obtain the relation between the two strain rates e and e such that k = m -1 : €
Equations (48) The fibers in this work are assumed to undergo only elastic deformations as indicated by equation (53).
Plastic Stress and Strain Concentration Factors
In the case when the material has undergone plastic deformations, the corresponding expressions for the effective stress concentration factors for the matrix and the fiber in the C configuration are given by the following relations respectively: 
together with relations (59) and (60) one obtains the strain concentration factors in the damaged configuration C for elasto-plastic deformations. The resulting concentration tensors are given as follows 
The Volume fractions in the effective configuration C differ from the initial volume since the fictitious effective configuration is obtained by removing all damages that the material has been subjected to. Nevertheless the volume fractions of configuration C is assumed to be equal to the initial volume fractions. For a detailed analysis the reader is referred to the work by Voyiadjis and Park [7] .
Damage Criterion
In this work it is assumed that matrix undergoes ductile damage while the fiber undergoes brittle damage.The mechanisms of interfacial damage are dependent on the fiber direction. It is clear that the damage mechanism for each of the constituents of the composite materials is different from the other and therefore one single damage micro-mechanism can not be considered for the three types of damages outlined here for a single lamina. Each type of damage evolution is considered separately. In order to obtain a damage criterion for non-proportional loading, the anisotropy of damage increase (hardening) must be considered. The anisotropic damage criterion used here is expressed in terms of a tensorial hardening parameter, h (Voyiadjis and Park [7] ).
The generalized thermodynamic backsterss force , which is a consequence of crack interactions is given by lij =
where c T is a material constant and
Here Y r is a generalized thermodynamic force conjugate to the damage tensor <f> r for each of the damage associated with the matrix, fiber and debonding. The hardening tensor h T is expressed as =
Tensors u r and V r (which represents the initial threshold against damage for the material) are defined for orthotropic materials( Voyiadjis and Park [7] in terms of the generalized Lame constants λ^,Λ^,Α^ and ν^,υ^,ν^ as follows 
where E\ are the effective moduli of elasticity along the principal axes defined along the direction of the fibers and transversely to them.
The damaging state is any state that satisfies g = 0. The four states are outlined below Equation (84) gives the increment of the damage from the damage potential g m and the yield function f m .
It is clear that coupling exists between the plastic strain rate and the damage rate in the matrix.
Using the consistency condition for the matrix yield function f m and the matrix damage g m such that where X m is a fourth order tensor originally defined in section 3 by equation (14) . The explicit form of X m is given below where J 4 is the fourth order identity tensor expressed as follows
The thermodynamic force associated with the matrix damage is obtained by using the enthalpy of the damaged matrix as follows
where Φ(α τη ) is the specific energy due to kinematic hardening, and Ε m is the elastic stiffness of the damaged matrix. Using equation (100) one obtains a relation between the damaged elastic compliance, Ε ™ for the matrix and the corresponding undamaged elastic compliance E~m such that (Voyiadjis and Kattan, 1992a) [2]
Through the use of equations (100) 
Fiber Damage Evolution
For fibers the gradual degradation of the elastic stiffness is caused only through damage and no plastic dissipation occurs. The associated damage dissipation of the fiber is given by
Since the plastic dissipation is zero. The function Ω·^ for the fiber is given by
and the corresponding damage rate evolution of the fiber is given by the expression
Making use of the consistency condition for the damage of the fiber 
where X^ is a fourth order tensor similar to X m expressed by equation (98). The thermodynamic force associated with damage of the fiber Y s is obtained in similar approach to that of the matrix, Y m and has a similar form except replacing the subscript m with f.
Interfacial Damage Evolution
The second order symmetric tensor φ ά is used to describe the interfacial damage and is expressed as follows (Voyiadjis and Park [7] ) The function Ω^ is expressed by
where
From the consistency condition for the interfacial damage one obtains the evolution equation
for φ ά such that
The corresponding thermodynamic force for interfacial damage is obtained using a similar procedures to that outlined for the two types of damage and is given by
7 Stiffness Tensor for the Model
In order to obtain the elasto-plastic stiffness tensor for the damaged composite system the following procedure is followed. Separate constitutive equations for each of the matrix and the fiber are first derived in their respective damaged configurations C m and C?. These two constitutive equations are then combined into one in order to express the overall composite system in its partial effective configuration C. The interfacial damage is finally incorporated into the system in order to obtain the final constitutive equation and its corresponding stiffness tensor that includes all three types of damages in the damaged configuration C. The elasto-plastic behavior of the matrix and the elastic behavior of the fiber in their respective effective configurations C m and C^ are given as follows
where D m and Ε^ are, respectively, the fourth order elasto-plastic stiffness tensor of the matrix and the elastic stiffness tensor of the fiber material. The stiffness D m is given by Voyiadjis and Kattan [13] such that 
where fi m is a local scalar multiplier.
The component damaged elastic stiffness tensors E™ and E^ in the local configurations C m and C^ respectively are given by ) 
The overall response of the composite system in the partial effective configuration, C, is given 
In order to obtain the overall damage response of the composite system the interfacial damage tensor m d needs to be incorporated in order to transform D from the configuration C to the overall damaged configuration C. 
Evolution of Material Parameters for the Case of Isotropic Damage
The special case of isotropic damage is investigated here. For the special case of uniaxial monotonic loading for isotropic materials the complementary strain energy is expressed as follows v = mhwS (139) where Ε is the elastic stiffness of the isotropic material and φ is the damage variable in the loading direction as defined by Kachanov. Making use of equation (138) The damage criterion used here is simplified by setting c equal to zero and consequently
YijPijkiYu-
which is not a direct function of damage φ.as in equation (70).
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The corresponding damage criterion is given by where GQ is the uniaxial stress at initiation of damage. In Figure 3 the damage criterion g versus σ is plotted. Three values of σ 0 are outlined for different cases of υ while η = 0.08 and ξ = 0.55. The increase in the magnitude of ν delays the onset of damage. Small stress increments of 0.01 MPa were applied in order to ensure convergence of the solution.
Using the consistency condition one can solve for φ and obtain 
Evolution of Different Types of Damage for a Composite Material Loaded in the Fiber Direction
In this case, a metal matrix composite is loaded monotonically in the elastic region, along the fiber direction. Following the proposed constitutive model for damage presented in this work, the evolution of the different types of damage versus stress is presented in Figure 5 . The tvpes of damage considered here are the matrix damage, φ m , the fiber damage, φϊ, and the debonding damage, φ ά , Their respective evolutions and behaviors are dictated by the experimentally determined material parameters shown in Tables 1 and 2 (Voyiadjis and  Venson [14] ; Voyadjis and Park [7] ). As depicted in Figure 5 , at a stress level of 800Μ Pa, the respective damages are φΐ = 0.005, φ™ = 0.013 and φ ά = 0.061. The order of initiation and evolution of damage for each constituent is dictated by the material parameters obtained experimentally. Figure 6 shows the degradation of the matrix and the fiber stiffness due to the loading described above, while Figure 7 presents the stress-strain curves for matrix, the fiber and the whole composite utilizing the Mori-Tanaka homogenization procedure.
Conclusion
A consistent coupled incremental damage and plasticity theory is presented in this work that allows damage to be path dependent either on the stress history or the thermodynamic force conjugate to damage. This coupling occurs only in the matrix since the fibers are assumed to be only elastic. This is achieved through the use of incremental damage tensors. Damage and plastic deformations are incorporated in the proposed model that is used for the analysis of fiber-reinforced metal matrix composite materials. The proposed micro-mechanical damage Figure 5 : Matrix, fiber and interfacial damage evolutions relations are used for each of the matrix and the fiber. This is coupled with the interfacial damage between the matrix and the fiber exclusively. The damage relations are linked to the overall response through a homogenization procedure. Evolution of damage is performed for both the cases of overall isotropic damage and In order to resolve more complicated problems than those presented here, the finite element method is required for determining the evolution of damage. The authors are currently developing such a code and the numerical results for cyclic damage will be presented in a follow up paper.
